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Abstract
Multimodal piezoelectric energy harvesting can be achieved by integrating piezo-patch
harvesters into plate-like structures available in marine, aerospace, and automotive applications.
A synchronized switch harvesting on inductor (SSHI) interface as the harvesting circuit has
been well studied for cantilever beams, considering the single vibration mode of the structure.
However, integrating a two-dimensional electromechanical structure with a SSHI circuit for
multimodal energy harvesting is missing in the literature. This paper evaluates the performance
of the SSHI interface integrated with a piezoelectric energy harvester (PEH) on a plate-like host
structure. The analytical solution is developed based on an equivalent impedance approach to
predict the steady-state electrical response of the harvester as a closed-form solution. The
experiments are conducted to validate the analytical solution for the system’s first and second
vibration modes. The experimental results reveal that integration of SSHI to a plate-like
harvester introduces a multi-switching behavior rather than a standard single-switching
behavior. Due to the multimodal vibrational characteristics of the plate, the circuit switch is
triggered several times at each half period of the vibration, which increases the energy
dissipation of the circuit and thus reduces the output voltage. On the other hand, single
switching at each half period of the vibration happens for lower piezoelectric voltage levels.
This is the desired behavior of the SSHI circuit where the analytical prediction matches with the
experimental data. Finally, the energy harvesting performance of the SSHI circuit is compared
against the standard rectifier, showing 183% and 134% power output enhancement for the first
and second vibration modes, respectively.
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1. Introduction

Vibration energy is the most available ambient power source
which can be harvested through several methods for power-
ing small devices such as sensors and wireless electronics
[1, 2]. Investigation of vibration-based energy harvesting has
developed in past decades since it is an efficient alternative
to conventional batteries and enables development of self-
powered systems [3]. Among different methods for converting
ambient vibration energy to electricity, piezoelectric materials
are of great interest due to their remarkable power density and
capability of manufacturing in desired geometries and scales
[3, 4].

The geometry of the host structure for piezoelectric energy
harvesters have taken various forms in the literature [4–6],
where the cantilevered beams has been extensively invest-
igated by researchers due to their relative simplicity of
implementation [7–10]. However, the cantilever beam har-
vesters are strongly dependent on the narrow excitation fre-
quency range, where the optimal performance typically hap-
pens at the primary resonance frequency. Consequently, if the
vibration of ambient energy sources does not match the res-
onance frequency of the beam, the performance of the har-
vester drops drastically. Therefore, the application of canti-
lever beam harvesters is limited to controlled scenarios with
specific excitation frequency. However, in practical applica-
tions, the vibration frequency spectrum of the environment is
random and fluctuating [11]. Moreover, the cantilever beams
have limited bandwidth characteristics for energy harvesting
purposes, since the consecutive resonance frequencies are far
from each other, hence broadband energy harvesting cannot be
performed [12].

Recently, plate-like structures have drawn researchers’
attention not only because of their availability in practical
applications such as marine, aerospace, and automotive struc-
tures but also because of their capability of providing broad-
band energy harvesting systems due to their close consecut-
ive resonance frequencies. Aridogan et al [13] presented an
analytical solution and experimental validation for the plate-
like piezo-patch energy harvesters with a resistive load as
an external circuit which provides AC power output. The
same research group pursued their research for a general
case as multiple piezo-patch harvesters on a plate where the
patches connected in parallel and series configurations satisfy-
ing the broadband energy harvesting through multiple vibra-
tion modes [14]. Improvement of estimation of the power out-
put has been achieved considering the inertial and stiffness
components of piezo-patches using Rayleigh–Ritz method
[15].

In practice, stable power flow is required for electronic
devices, hence DC output is more desirable and can be

captured by using an AC to DC convertor circuit which has
a nonlinear behavior [16]. The harvesting circuits includ-
ing AC to DC convertor has been extensively studied where
most investigations focused on the beam as the host structure
[16–18]. Improvements onDC power output of the PEH can be
achieved by adding a series connected switch and inductor to
the rectifier. This technique is called synchronized switch har-
vesting on inductor (SSHI) [19–23]. During the vibration, the
polarity of the piezo patch is inversed by triggering the switch
only at the peak displacements of PEH. This artificial manip-
ulation enhances the voltage generated by the piezoelectric
element [19, 24]. Previous studies have presented an analyt-
ical solution for the SSHI circuit, which can estimate the power
output of the harvester only at its resonance frequency [22, 25].
Furthermore, The difference in phase between the excitation
and the mass velocity has also been taken into account in an
improved analytical solution [24, 25]. The equivalent imped-
ance approach has been proposed to obtain a closed form solu-
tion for rectifier, Parallel-SSHI, and Series-SSHI interfaces
integratedwith an array of piezoelectric energy harvesters con-
nected in parallel [26] and in series [27] configuration. This
approach is an approximation method and is based on simpli-
fying the model to the fundamental harmonics of the system
[28, 29]. New topologies of the self-powered SSHI circuit have
been proposed to modify the peak detection units [22] and
reduce the power loss of the circuit [30].

It has been proved that the harvesting circuit has a
reaction to the dynamic of the host structure [31]. In prac-
tice, the more extracted power, the more induced damp-
ing effect [18]. However, the majority of the studies regard-
ing the effect of the harvesting circuits on the dynamic of
the structure are only focused on the cantilevered beams.
Development of the models are carried out considering
equivalent mass + springer + damper + piezo structure
of the system around fundamental resonance frequency
[2, 23, 24, 32, 33]. Despite all the advantages of plate-like
structures for energy harvesting purposes i.e. availability in
practical applications such as marine, aerospace, and automot-
ive structures, and capability of providing broadband energy
harvesting, the investigations on thin plate are limited to the
simple harvesting circuits [4, 13–15]. A multi-mode equival-
ent circuit modeling of PEH integrated with standard harvest-
ing circuit has been developed [34]. Moreover, analytical solu-
tion of wideband energy harvesting with multiple patches on a
plate using a rectifier has been developed based on equivalent
impedance approach [35]. A distributed-parameter model of a
thin plate with multiple piezo-patches was developed based
on standard modal analysis method. Piezoelectric metama-
terial plate with local resonators integrated with synchron-
ized charge extraction circuit was investigated to improve the
performance of the harvesting system [36]. Despite all the
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studies on the piezoelectric energy harvesting systems, the
integration of self-powered SSHI circuit with piezoelectric
energy harvester structurally coupled with a plate-like host
structure is missing in the literature. The motivation of this
paper is to study the energy harvesting performance of the
self-powered SSHI circuit integrated with piezoelectric on a
more available structure in practical applications i.e. plate with
dense modal properties, and to compare the power extraction
capability of the SSHI interface with the standard harvesting
circuit. This system can be used in powering small electronic
devices and structural health monitoring of 2D components
in marine, aerospace, and automotive structures, as well as
buildings.

In this paper, electromechanical equations of piezoelectric
energy harvester on a thin plate are integrated with the equi-
valent load impedance of self-powered SSHI circuit for the
first time, to predict the behavior of the harvesting system.
Unlike the previous study [35], the effects of inertia and stiff-
ness of piezoelectric are considered in this study. Due to dis-
continuities on the structure, Rayleigh–Ritz method is used
to perform modal analysis and obtain natural frequencies and
mode shapes of the structure. Besides, an experimental setup is
developed to examine the harvesting performance of the SSHI
circuit for the first and the second vibration modes of the host
plate. Experimental results show that the SSHI circuit affects
the dynamic of plate drastically in high resistive loads because
of high modal density of thin plate. The effect of damping
due to the SSHI interface is visible as ripples in the piezoelec-
tric voltage waveforms. These ripples also change the switch-
ing behavior of the SSHI interface. An undesired multiple
switching behavior of the SSHI circuit at high resistive load
is observed which reduces the functionality of interface for
energy harvesting purposes. It is shown that the analytical
voltage outputs are in good agreement with the experimental
results for the first and the secondmodes when there is just one
switch in each half period of the vibration i.e. single switch-
ing. Besides, the experimental results show that the SSHI cir-
cuit does not switch at low piezoelectric voltage levels which
means it is not active and behaves as a standard rectifier. A
detailed study is carried out to show all these switching beha-
viors of the SSHI circuit along with the voltage and power
output characteristics. Furthermore, it is demonstrated that the
SSHI circuit improves the maximum DC output power of the
harvester compared to a standard AC input-DC output (i.e. a
standard rectifier) in both modes.

2. Analytical model

The analytical model of the electromechanical system consists
of a thin plate with clamped boundary conditions for all four
edges (CCCC) which is structurally integrated with a piezo-
electric patch of thickness (hp) connected to an SSHI interface
(figure 1).

The piezoelectric patch is assumed to be perfectly bonded
to the host structure. The model is based on Kirchhoff plate
theory since the thickness of plate (hs) is assumed to be much

Figure 1. Schematic of the piezoelectric energy harvester attached
to a thin plate.

smaller than the length (a) and width (b). Consequently, the
piezoelectric energy harvester (PEH) is in a plane stress state,
and the effect of transverse shear deformation can be neg-
lected. It is assumed that the material of the host structure is
isotropic. The material of the piezoelectric is transversely iso-
tropic, and the direction of generated voltage is perpendicu-
lar to the applied strain. The model is developed for a trans-
verse point force f (t) which excites the plate at the position
coordinates (x0,y0). The subscripts s and p stand for the para-
meters related to the host structure and piezoelectric patch. The
Hamilton principle is used to derive the equation of motion
which includes the effect of inertia and stiffness of the piezo-
electric patch. The electromechanical equations of motion of
PEH were previously developed by Yoon et al [15]. Due to the
discontinuity of the geometry at the piezoelectric edges, the
Rayleigh–Ritz method is implemented to conduct modal ana-
lysis and approximate the undamped natural frequencies and
mode shapes of themodel. The Rayleigh–Ritz method is based
on discretizing the distributed-parameter model to obtain an
approximation of the modal parameters. Linear combination
of modes based on modal expansion theorem is considered to
obtain an approximation of the displacement of PEH.

w(x,y, t) =
N∑

m=1

N∑
n=1

φmn (x,y) .ηmn (t) . (1)

where φmn (x,y) is the mode shape and ηmn (t) is the time
dependent modal coordinate of the plate, for the mnth vibra-
tion mode (m, n = 1, 2, …, N). N is a degree of approx-
imation, and the convergence of natural frequencies hap-
pens when N is large enough. A set of N2 electromechanical
equations of motion can be written for PEH corresponding to
N2 degrees-of-freedom. Based on the orthogonality of modes,
a set of N2 independent equations of motion can be obtained
by modal coordinate transformation. Differential equation of
motion for a plate integrated with a piezo-patch in modal
coordinate is [15]

d2ηmn (t)
dt2

+ 2ζmnωmn
dηmn (t)

dt
+ω2

mnηmn (t)−Θmnvp (t) = fmn (t)

(2)

where vp (t) is the piezoelectric voltage, ωmn is the undamped
natural frequency and ζmn is the modal damping ratio for
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the mnth vibration mode. Θmn corresponds to the modal
electromechanical coupling of the piezoelectric patch formnth
vibration mode and is defined as [15]:

Θmn = −ē31
(
hp + hs

2
− z0

)
y2
∫
y1

x2
∫
x1[

∂2φmn (x, y)
∂x2

+
∂2φmn (x, y)

∂y2

]
dxdy. (3)

where ē31 is piezoelectric constant, and φmn (x,y) is the mass
normalized eigenfunction of the plate formnth vibrationmode.
z0is the location of the neutral surface in the areas in which
the piezoelectric patch is attached. Modal forcing input which
corresponds to the force for each mode shape is denoted by
fmn (t) and is given by [35]

fmn (t) = f(t)φmn (x0, y0) . (4)

Equivalent circuit of a piezoelectric device can be presen-
ted as its internal electrode capacitance Cp in parallel with a
set of parallel branches of second order LCR circuit which is
equivalent to a velocity proportional current source (figure 2)
where Cp = ε̄S33

lp*wp

hp
and ε̄S33, lp, wp and hpare the permittivity

at constant strain, length, width, and thickness of piezoelectric
patch, respectively [15].

The coupled circuit equation of piezoelectric is

Cp
dvp (t)
dt

+ ic (t) = ip (t) (5)

where ip (t) and ic (t)are the equivalent current source, and the
current flowing into the SSHI circuit, respectively. It is worth
noting that all the AC to DC circuits affect the behavior of the
harvesting system. However, it can be assumed that the impact
of the higher order harmonics due to the self-powered SSHI
circuit is negligible compared to the fundamental component.
Consequently, the model can be simplified where the equival-
ent current source ip (t) can be assumed to be perfectly har-
monic, and piezoelectric voltage vp (t) can be regarded as its
fundamental harmonic [29]. The electrical equation in modal
coordinates can be presented as [15]

−
N∑

m=1

N∑
n =1

Θmn
dηmn (t)

dt
+ ic (t)+Cp

dvp (t)
dt

= 0. (6)

Equivalent current source of piezoelectric harvester can be
obtained from equations (5) and (6), as follows,

ip (t) =
N∑

m=1

N∑
n=1

Θmn
dηmn (t)

dt
. (7)

3. Equivalent impedance approach

SSHI harvesting interface refers to an inductance L connec-
ted in series with a switch which is in parallel with a rectifier
bridge and piezoelectric patch (figure 2).

The switch is always open except in time instant of
extremum displacement. When the switch is triggered, the

Figure 2. Equivalent circuit of a piezoelectric device.

inductance L and capacitance of piezoelectric Cp form an
oscillator circuit which reverses the voltage of the piezoelec-
tric element. The inversion process consists of an energy loss
in the inductor and the switch, therefore, an inversion quality
factorQI can be defined for the SSHI circuit. Solving the elec-
tromechanical equations for the SSHI circuit integrated with
a piezoelectric patch on a plate structure is not straight for-
ward since the circuit consists of electrical components such
as diodes and switches. Therefore, an equivalent impedance
approach is used to solve the electromechanical equations.

Considering a transverse point force of f(t) = F0eiωt as har-
monic input at frequency ω, and approximate the piezoelec-
tric voltage with its fundamental harmonic (vp (t) = Vpeiωt),
the steady-state response of the system based on linear system
assumption can be expressed as

ηmn (t) = Hmne
iωt (8)

where Hmn and Vp are complex numbers. Inserting f(t),
equations (4), and (8) into (2), the complex modal response
Hmn can be expressed as

Hmn =
F0φmn (x0, y0)+VpΘmn

ω2
mn−ω2 + i2ζmnωmnω

. (9)

Inserting (8) into (7), steady-state form of velocity pro-
portional current source of piezoelectric can be expressed as
ip (t) = Ipeiωt where the complex amplitude is

Ip =
N∑

m=1

N∑
n=1

Imn =
N∑

m=1

N∑
n=1

[iωΘmnHmn] . (10)

The relation between the magnitude of the equivalent
piezoelectric current source and the average output voltage can
be calculated by [23]

Vc =
2Rl

π + (1− qI)CpωRl
Ip. (11)

Where qI is the ratio of the piezoelectric voltage after switch-

ing and before switching (qI =
Vp

after

Vp
before = e−

π
2QI ) and QI is the

inversion quality factor of the SSHI circuit. To obtain output
voltage, let Zeq be the equivalent impedance of the SSHI cir-
cuit plus piezoelectric capacitance as shown in figure 3.
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Figure 3. Equivalent impedance of a piezoelectric energy harvester
integrated with SSHI interface.

For array of SDOF harvesters connected in parallel to the
SSHI circuit, equivalent impedance model has been proposed
as a function of resistive load Rl, capacitance of piezoelectric
Cp, and excitation frequency ω [26]. Equivalent impedance is
a complex value (Zeq = ZSSHR + jZSSHII ) which is expressed as

ZSSHIR =

2Rl

[
1+

(1−q2I )
2π CpωRl

]
(

π
2 + (1−qI)

2 CpωRl
)2 , ZSSHII =

− (1−qI)
2 Rl(

π
2 + (1−qI)

2 CpωRl
) .
(12)

The relation between the current flowing into Zeq and the
voltage across it can be expressed as

Vp = ZeqIp = Zeq

N∑
m=1

N∑
n=1

Imn . (13)

Substituting vp (t), equations (8), and (13) into (2) and
dividing both sides by the Θmn, the mechanical equation of
piezoelectric harvester can be obtained as(

ω2
mn−ω2 + i2ζmnωmnω

) Hmn

Θmn
−ZeqIp = F0

φmn (x0, y0)
Θmn

.

(14)
Inserting equation (10) as the steady-state form of velo-

city proportional current source into equation (14), it can be
showed that the equation can be expressed by the matrix
equation as [37]

V̂= Ẑ Î (15)

where V̂ is a vector of dimension mn × 1 and
can be calculated as

V̂=
(
V̂kl

)
=−F0

φ kl(x0, y0)
Θkl

,

k = 1, 2, . . . ,m; l= 1, 2, . . . ,n
(16)

and Ẑas a square matrix of dimension mn × mn is given by
Ẑ= ZeqA+ diag(Z). Matrix A is of dimension mn×mn with
all elements equal to one, and diag(Z) is a diagonal matrix,
where its diagonal elements are Z= [Z11 Z21 . . . Zmn]

Tand is
obtained by

Zkl =
2ζklωmn
(Θkl)

2 + i
ω2 −ω2

kl

ω(Θkl)
2 ,

k= 1, 2, . . . ,m; l= 1, 2, . . . ,n

. (17)

Solving equation (15) for the unknown Îwhich includes
Imn as magnitude of equivalent current for each oscillating
mode and inserting it into (11), the output voltage of the SSHI
circuit can be extracted. Consequently, the DC power output
of the harvester can be estimated by

Pc =
Vc

2

Rl
. (18)

Moreover, the complex modal response Hmncan be determ-
ined by (14). Thus, the mechanical modal coordinate ηmn (t) is
obtained, and transverse displacement of the plate at any point
of (x, y) as a function of time can be obtained by

w(x,y, t) =
N∑

m=1

N∑
n=1

φmn (x,y) .ηmn (t)

=
N∑

m=1

N∑
n=1

{
φmn (x,y)

ω2
mn−ω2 + i2ζmnωmnω

.(F0φmn (x0, y0)

+ΘmnZeq

N∑
m=1

N∑
n=1

Imn

)}
.eiωt . (19)

4. Model validations

4.1. Experimental setup

Experimental setup consists of a fully clamped (CCCC) alu-
minum plate which has been excited by a linear sine point
force located at 0.087 and 0.087 m away from the bottom
right corner of the plate in x and y directions, respectively.
The piezo-patch harvesters (T105-A4E-602 manufactured by
Piezo Systems, Inc.) were bonded on the aluminum plate
(figure 4), where the piezo patch on the left side has been
used as the harvester and two other patches have been short
circuited to eliminate the backward piezoelectric effect.

Table 1 introduces the geometric, mechanical, and electro-
elastic properties of the experimental setup. A force transducer
(PCB 208C02) was installed at the tip of the shaker to meas-
ure the dynamic force which is the reference input of the sys-
tem and was used to determine the voltage frequency response
function (FRF) of the harvester. A laser Doppler vibrometer
(Polytec PDV 100) measured the transvers velocity output of
the plate. A resistance box which provides a wide range of
resistance from 1 Ω through 1 MΩ has been used to generate
desired resistive load. The experiments were conducted con-
sidering three different harvesting circuits, i.e. resistive load,
standard rectifier, and SSHI circuit (figure 5). The aim of con-
ducting the AC input-AC output experiment with resistive load
was determination of modal damping ratios of the structure
and initial validation of the model. On the other hand, a stand-
ard rectifier was used to assess the harvesting performance of
the SSHI, since they both aim to extract DC power output. The
SSHI circuit used in the experiment and the schematic of the
circuit is available in figure 6. The operation principle of this
self-powered SSHI circuit was fully detailed in [30].
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Figure 4. Experimental setup: (a) PZT; (b) aluminum plate;
(c) clamping frame; (d) shaker and a force transducer; (e) signal
generator; (f) data acquisition unit; (g) laser vibrometer; and
(h) electrical circuit.

Table 1. Dimension and material properties of the plate and the
piezo patch.

Property Aluminum Piezoceramic

Length (mm) X 580 72.4
Width (mm) Y 540 72.4
Thickness (mm) 1.9 0.267
Young’s modulus (GPa) 65.1 66
Mass density (Kg m−3) 2575 7800
Piezoelectric constant (pm V−1) — −190
Permittivity constant (nF m−1) — 10.38

4.2. Experimental validation for AC input-AC output

In the case of resistive load as harvesting circuit, a sine sig-
nal was swept over a frequency range of 40–115 Hz to meas-
ure the voltage frequency response function (FRF) of the sys-
tem which was used to identify the modal damping ratios of
the structure. The experimental voltage FRFs for any resistive
load can be used to extract the modal damping ratios of the
system [3]. The voltage FRFs of the harvester for AC input-
AC output case with two resistive loads satisfying short circuit
(Rl = 100Ω) and open circuit (Rl = 1MΩ) condition is shown
in figure 7.

As shown in figure 7 the analytical voltage FRF prediction
accurately matches with the experimental result. Comparing
the experimental and analytical results, the predicted natural
frequencies of the model have 3.8%, and 1.7% errors for
the first and the second vibration modes of the system. It
is worth mentioning that providing an ideal clamping con-
dition for the plate structure in the experimental setup is
difficult to achieve and any possible discrepancy in the bound-
ary conditions can affect the modal parameters of the struc-
ture. Besides, the experimental room conditions specially the
temperature can affect the natural frequencies of the plate

Figure 5. Piezoelectric voltage waveforms for (a) resistor,
(b) rectifier, and (c) SSHI.

Figure 6. SSHI circuit and its schematic.

[38]. Moreover, the material properties used in the analytical
model are obtained from the standard tables of the aluminum
alloy used in this experiment. However, there may be a dif-
ference between the actual values and the reported ones in the
standards.

4.3. Experimental validation for AC input-DC output with
standard rectifier circuit

For the sake of comparison with the SSHI circuit, the DC
response of PEHwith rectifier circuit in frequency domain was
obtained by sweeping the frequency of the harmonic excit-
ation around two first natural frequencies of the harvester.
The sweeping time of the swept sine signal has been kept
long enough to capture the steady state response of the sys-
tem and short enough to avoid huge experiment data (sweep-
time = 180 (s)). The voltage response of the rectifier for 13
resistive loads ranging from 1KΩ through 1MΩ around two
first natural frequencies of the plate was measured. The results
of seven resistive loads are presented in figure 8. Peak voltage
response of the analytical model for several resistive loads has
maximum error of 5.3% in the first vibration mode and 9%
in the second vibration mode when compared with the exper-
imental results. Although the voltage loss and the real diode
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Figure 7. Comparison of analytical and experimental voltage FRFs
for AC input-AC output.

Figure 8. Analytical results and experiment data for DC output
voltage of rectifier circuit under 1 N excitation force. (a) First
vibration mode; (b) second vibration mode.

behavior are not included in the analytical model, the analyt-
ical model results reasonably follow the trend of the experi-
mental voltage response where the voltage difference is less
than 0.3 (V) and 0.9 (V) for the first and the second modes,
respectively.

4.4. Experimental validation for AC input-DC output with
SSHI circuit

The aluminum plate with piezo patches was excited by a
sine signal to obtain the harmonic response of the system
for several resistive loads and assess the performance of the

Figure 9. Analytical results and experiment data for DC output
voltage of SSHI circuit under 1 N excitation force. (a) First
vibration mode; (b) second vibration mode.

SSHI circuit when integrated with piezoelectric on the plate
like host structure. The excitation frequency has been swept
over a frequency range around the two first natural frequen-
cies of the system considering an appropriate sweeping time
(180 (s)) which provides enough charge time for the smooth-
ing capacitor and prevents large acquisition data due to high
sampling rate. The quality factor of the SSHI circuit is 3.21.
The output voltage of the SSHI circuit for 13 resistive loads
are measured and seven of them are compared with the ana-
lytical results in figure 9. Experimental results show that the
SSHI response resembles the response of the rectifier for the
resistive loads of 1, 1.8, and 3.2 KΩ in the first mode, and
for the resistive loads of 1 and 1.8 KΩ in the second mode.
Studying the experimental piezoelectric voltage waveforms
of the SSHI circuit which shows the behavior of the inter-
face for different resistive loads (figures 10 and 11) comes up
with the fact that the SSHI does not switch in low resistive
loads since the piezoelectric voltage level is not sufficient to
run the switching phenomena, and the SSHI circuit acts as a
rectifier.

It also can be seen in figure 9 that the analytical model res-
ults follows the trend of the experimental data for the resist-
ive loads between 5.6 KΩ and 100 KΩ in the first mode, and
for the resistive loads between 3.2 KΩ and 56.2 KΩ in the
second mode. In this range of resistive loads, the voltage dif-
ference between the analytical prediction and the experimental
result for the peak voltage values are less than 0.55 (V) and
1.18 (V) in the first mode and the second mode, respectively.
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Figure 10. Experimental piezoelectric voltage waveforms (before
the SSHI circuit) in the first vibration mode for different resistive
loads. Indicate with (a)–(c) no switching … (d)–(i) single switching
…, and (j)–(l) multiple switching.

Figure 11. Experimental piezoelectric voltage waveforms (before
the SSHI circuit) in the second vibration mode for different resistive
loads. Indicate with (a) and (b) no switching … (c)–(h) single
switching …, and (i)–(l) multiple switching.

The voltage loss of the circuit components such as diodes and
switching unit has not been included in the analytical model;
however, the analytical model reasonably follows the trend of

Figure 12. Multiple switching and ripple creation in piezoelectric
voltage waveforms of second vibration mode (ω = 55.2 Hz) for
1 MΩ resistive load.

experimental results. The experimental piezoelectric voltage
waveforms show that the SSHI circuit has a single switch in
each half period of the vibration for this range of resistive loads
which is the expected and the optimal behavior of the SSHI
circuit.

Moreover, the voltage output of the SSHI for the resistive
loads higher than 100 KΩ in the first mode, and for the res-
istive loads higher than 56.2 KΩ in the second mode does
not follow the trend of the analytical prediction (figure 9).
The equivalent impedance of the harvesting circuit is based
on the fundamental harmonic of the SSHI circuit [29]; how-
ever, higher order harmonics for high resistive loads are sig-
nificant and can be seen as ripples in the experimental piezo-
electric voltage waveforms (figures 10 and 11). Therefore, the
analytical model is not capable of predicting the trend of sys-
tem behavior for high resistive loads. The voltage difference
between the analytical model and experiment ismore than 1.75
(V) in first mode and more than 3.3 (V) in the second mode.

It is worth noting that dense modal properties of the plate
make the higher order harmonics become significant. The
SSHI circuit affects the dynamic of plate by inducing a damp-
ing force which is considerable in higher voltage levels. When
the frequency spectrum of the damping force coincides with
the higher vibration modes of the plate, it induces an extra res-
onance to the dynamic of the plate and cause some ripples in
the piezoelectric voltage waveforms (figure 12). If the ripples
are large enough, the multiple switching happens since the
SSHI circuit detects them as local extrema and triggers the
switch.Multiple switching dissipates a part of available energy
and reduces the optimality of the SSHI interface. However,
the multiple switching does not happen in optimum resistive
loads. This behavior can be avoided or reduced by considering
higher order harmonics of plate-like structure as a design para-
meter of the SSHI circuit and select appropriate inductance for
the switching device.

Perfect performance of the SSHI circuit consists of switch-
ing the piezo-patch voltage at extremum displacement of the
plate i.e. zero velocity of the plate. However, in practice, the
switching process happens with a positive or negative time

8
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Figure 13. Analytical and experimental results for average power
output of the SSHI and rectifier circuits.

delay which can reduce the power output of the harvesters.
The effect of switching delay depends on mechanical quality
factor (QM) and electromechanical coupling factor (k2) of the
system. As it is shown in appendix (figure 15), the SSHI device
used in this study has positive switching delay. Considering
the (k2) and (QM) of the system, it can be concluded that the
switching delay does not have significant effect on the power
output of the harvesting system. Details of the switching delay
and parameters of the system are available in the appendix.

The experimental data and analytical prediction of the peak
power output as a function of resistive loads for the SSHI cir-
cuit and the rectifier are compared in figure 13. Analytical res-
ults illustrate that the optimum resistive load for rectifier in
the first mode is 31.6 kΩ while it is 56.2 kΩ for SSHI cir-
cuit, and the respective average power output is 0.25 (mW) and
0.53 (mW) for rectifier and SSHI circuit, respectively. Also,
the optimum resistance for the analytical power output of the
SSHI and the rectifier in the second mode is 10 kΩ and 5.6 kΩ,
respectively which leads to 1.86 (mW) and 1.51 (mW) power
output, respectively. The analytical results show that the power
output of the SSHI circuit at optimum resistance is 207% of
the rectifier in the first mode and 124% in the second mode.
On the other hand, the experimental data in the first mode
shows that the maximum power output of the SSHI can be
achieved at 31.6 kΩ where it is 17.8 kΩ for the rectifier. The
maximum power output obtained from experiment in the first
mode for the SSHI is 0.4779 (mW) while it is 0.26 (mW) for
the rectifier. Besides, the maximum power output of exper-
imental results in the second mode is 1.58 (mW) for SSHI
circuit with 10 KΩ resistive load and 1.177 (mW) for recti-
fier with 17.8 KΩ resistive load. The Experimental power out-
put of the SSHI circuit is 183% and 134% of the rectifier for
mode one and mode two, respectively. The analytical results

Figure 14. DC voltage and power output of the SSHI circuit for
different input force levels and resistive loads (a) and (c) first
vibration mode (ω = 55.2 Hz), (b) and (d) second vibration mode
(ω = 104.5 Hz).

and experimental data for the first vibration mode show that
the SSHI circuit improves the power output of the harvester
for all resistive loads except where it is not active. Although
the power output of the harvester in the second vibration mode
is improved by the SSHI circuit in optimum resistive load, the
analytical and experimental results show that the SSHI cir-
cuit is not effective for relatively high resistive loads in second
mode. The analytical model is only capable of predicting the
linear regime where single switching at each half period of
vibration occurs, but the model cannot predict the nonlinear-
ities of experimental setup at high resistive loads. The mul-
tiple switching reduces the power output of the system which
is more visible at second vibration mode. The power reduction
due to multiple switching at second vibration mode reduces
the performance of the SSHI circuit even lower than standard
rectifier.

A comprehensive experiment has been performed to assess
the behavior of the SSHI circuit for different input force levels,
and resistive loads. Thirteen resistive loads between 1 KΩ and
1 MΩ with logarithmic increments and force levels, namely
0.5, 65, 82, 1, and 1.15 (N), have been considered to study the
response of the piezoelectric energy harvester integrated with
the SSHI circuit. The DC voltage output of the PEH in the first
vibration mode (figure 14(a)) and the second vibration mode
(figure 14(b)) show that the higher the input gain and the res-
istive load, the higher the DC voltage output. However, this
trend is more visible in single switching areas, and the rate
of voltage increase is dropped in multi-switching zone which
shows that the performance of the SSHI circuit is not effi-
cient. Therefore, multi-switching should be avoided to make
the SSHI circuit reach its optimal performance. Besides, the
DC output voltage level of 1.5 V is a threshold for trigger-
ing the switch, where the DC voltage levels higher than 5 V
experience the multi-switching. Regarding the power output
of PEH, the optimum resistive loads of different force inputs
are available in figures 14(c) and (d) for mode 1 and mode
2, respectively. The optimum resistive load of almost all the
cases in the first mode is 31.6 KΩ, and in the second mode is
10 KΩ.
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5. Conclusion

In this paper, an analytical model was developed to predict
the behavior of a piezoelectric energy harvester on a thin plate
integrated with an SSHI circuit. Structural analysis was per-
formed based on Rayleigh–Ritz method to obtain an elec-
tromechanical model of the plate with PEH, and the equival-
ent impedance approach was used to provide a closed-form
solution for the system. The steady-state voltage output of the
piezoelectric energy harvester for a range of resistive loads
around first and second natural frequencies were predicted
by analytical solution and validated by the experimental data
where the SSHI circuit had single switching in each half period
of the vibration. A comprehensive analysis of the SSHI circuit
behavior on the plate for different force inputs and resistive
loadswas investigated and presented. Using a 2D electromech-
anical plate, multi-switching of the SSHI circuit in higher
piezoelectric voltage levels was observed. Multiple switching
increased the energy dissipation of the harvesting circuit; thus,
the output voltage of the harvester dropped drastically when
compared to the analytical prediction. Furthermore, the peak
power output of the SSHI circuit as a function of resistive
load was compared with the rectifier for the first two vibra-
tion modes of the plate to assess the functionality of the SSHI
circuit in multimodal energy harvesting applications. It has
been demonstrated that the SSHI circuit improves the power
output of the PEH for both vibration modes in optimum res-
istive loads. Practically, the maximum power outputs of the
SSHI circuit for the first and the second vibration modes were
183% and 134% of the maximum power outputs of the recti-
fier, respectively.

Despite improvements on maximum power output of the
piezoelectric energy harvester by the SSHI circuit, undesired
behavior of the switching device is reported when the PEH
is attached to the plate-like structure. The developed equi-
valent impedance model can predict the linear regime of
SSHI circuit, where the single switching occurs at each half
period of vibration. At high resistive loads leading to higher
voltage levels, higher modal harmonics of the host plate
are coupled with switching dynamics of SSHI circuit. In
order to avoid multiple switching behavior of the SSHI cir-
cuit, it is worthful to consider the higher order harmonics of
the plate-like structure as a design parameter. The value of
inductor on switching device should satisfy the synchronized
switching criteria as well as avoiding the multiple switch-
ing behavior of SSHI circuit when integrated with plate-like
structures. Adding filters in the peak voltage detector of the
switching device is another approach that could be invest-
igated to avoid performance drop resulting from multiple
switching.
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Appendix

The ideal performance of the SSHI circuit is the triggering the
switch at the zero velocity of the PEH. Yet, in practical applic-
ations, there is a negative or positive time delay between the
actual occurrence of zero velocity and the inversion. Negative
switching delay corresponds to the triggering of the switch
before reaching the zero velocity, where positive delay refers
to the switching after the zero velocity [39]. It is proved in [39]
that the power reduction level depends on the sign of delay,
length of delay, and figure of merit (FoM). FoM is defined as
the product of mechanical quality factor (QM) and the global
electromechanical coupling factor (k2). The mechanical qual-
ity factor depends on the modal damping ratio (ζmn) and is
defined as:

QM =
1

2ζmn
. (20)

The electromechanical coupling factor can be calculated by

k2 = 1− ω2
sc

ω2
oc

(21)

where the ωscand ωocrepresent the short circuit and open cir-
cuit resonance frequencies.

The voltage and velocity waveforms of piezo patch
(figure 15) illustrate that the SSHI circuit has positive switch-
ing delay which does not have significant effect on output
power for a large range of time delay. The power drop of the
harvester has been studied by Lallart et al [39] for five val-
ues of FoM varying from FoM= 0.1877 as weakly coupled
and FoM= 3.1845 as strongly coupled harvesters, and it has
been shown that the power drop in the positive switching delay
decreases by increasing the FoM. The parameters of the energy
harvester integrated with the SSHI circuit for the first and the
second vibration modes are available in table 2.

Comparing the FoM= 0.982 and FoM= 1.81, respect-
ively, for the first and the second vibrationmodes of the system
with the results of Lallart et al [39], and considering the posit-
ive time delay ratio less than 0.03 of vibration period for both
modes, the power drop of the harvester due to the switching
delay can be negligible for the SSHI circuit.
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Figure 15. Piezoelectric voltage and velocity waveform in the first
resonance frequency (ω = 55.2 Hz).

Table 2. The parameters of the energy harvester integrated with the
SSHI circuit.

Parameter Mode 1 Mode 2

ωsc (Hz) 53.22 103.81
ωoc (Hz) 53.51 104.84
ζmn 0.0055 0.0054
k2 0.010 81 0.019 55
QM 90.9 131.57
FoM 0.982 1.810
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