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Equivalent Impedance Electroelastic Modeling of
Multiple Piezo-Patch Energy Harvesters on a

Thin Plate With AC–DC Conversion
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.Abstract—Piezo-patch energy harvesters can be readily
attached to plate-like structures in automotive, marine, and
aerospace applications, in order to exploit the broadband
vibration of the host system. Power output investigations
of such patch-based harvesters, when connected to practi-
cal interface circuits, require accurate models for harvest-
ing performance evaluation and optimization. This paper
proposes an analytical approach to derive the closed-form
mechanical and electrical response expressions of the mul-
tiple piezo-patch energy harvesters (MPEHs) by integrat-
ing an equivalent load impedance, which consists of the
harvesting circuit and the overall piezo-patch capacitance
into a distributed-parameter model of the plate. Moreover,
an equivalent circuit model of the electromechanical sys-
tem is developed in a circuit simulator software SPICE for
system-level simulations, taking into account the intercon-
nection of piezo-patches and multiple vibration modes of
the plate. Numerical SPICE simulations are then validated
for the conventional ac input–ac output problem by the ex-
periments and existing analytical solution. The proposed
analytical model is validated by the experiments for the stan-
dard ac input–dc output problem. Finally, the analytical and
numerical results for the peak power output of the MPEHs
in series/parallel configuration with ac and dc interface cir-
cuits are presented, and shown to be in good agreement
with the experimental results.

Index Terms—Energy harvesting, equivalent impedance,
Kirchhoff’s plate, piezoelectricity, vibrations.

I. INTRODUCTION

V IBRATION-BASED energy harvesting has received a
great attention over the past decade with the ultimate

goal of powering small electronic components, replacing the
conventional batteries and thereby enabling self-powered sys-
tems [1]. Various vibration-to-electricity conversion methods
have been used by researchers such as the electrostatic [2],
electromagnetic [3], magnetostrictive [4], and piezoelectric
transducers [5], as well as the dielectric elastomers [6]. Among
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these energy conversion approaches, piezoelectric transduction
is the most favored one due to the high power density of
piezoelectric materials and ease of implementation at different
geometric scales [7], [8].

In the last two decades of piezoelectric energy harvesting
literature, cantilever beam harvesters have been broadly investi-
gated [9]–[13]. Major drawbacks of the typical cantilever beam
harvesters are that power generation quickly drops when the
excitation frequency is slightly different than the resonance fre-
quency of the harvester especially in the low-damped harvesters,
and also relatively large space between the first natural frequen-
cies of cantilever beams limits the broadband energy harvesting.
These downsides decrease the harvester efficiency in practical
applications, where ambient vibrations are of varying frequency
and random nature [14].

Piezoelectric patches can be readily integrated into thin plate-
like structures, as an alternative to beam harvesters, to extract
the vibrational energy of their host structure and convert it into
electrical energy. The vast availability of thin plates-based struc-
tures in aerospace, automotive and marine applications, makes
this implementation convenient to employ and provides broad-
band energy harvesting. In addition, piezo-patch energy har-
vesters attached to a thin plate have the merits of removing
extra mass loading and volumetric occupancy as well as ex-
hibiting a relatively large number of vibrational modes in a spe-
cific frequency range over the conventional cantilever designs.
Few studies in the literature have focused on energy harvesting
from two-dimensional (2-D) plate-like structures [15]–[17]. In
the majority of modeling of both cantilever beam and plate-like
harvesters, a resistance load is used to predict the ac power
output. However, in practice, to transfer the electrically har-
vested power to the practical end devices (e.g., batteries and
storage capacitor), a standard rectifier circuit is required to pro-
vide a stable dc output. In addition, a dc–dc converter can be
used right after the rectifier to increase the power transfer per-
formance [18]. Another technique called synchronized switch
harvesting on inductor can be also utilized to maximize the
extracted power [5]. Predicting the dynamic electromechanical
response of the harvester(s) connected to practical circuits re-
quire high-fidelity analytical and/or numerical models. Liang
and Liao [19], and Lien and Shu [20] have proposed equivalent
load impedance method to obtain the steady-state electrical re-
sponse of the harvester system connected to nonlinear circuits.
The first group analyzed the system impedance using the fun-
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Fig. 1. Schematics of MPEHs attached to a thin plate and connected to an ac-dc converter with two connection configurations: (a) series; and (b)
parallel. MPEHs: multiple piezo-patch energy harvesters.

damental Fourier mode of the harvesting circuit [19], whereas,
the second group considered the principles of charge and energy
balance [20]. Although these studies emphasized on the effect
of different harvesting circuits on dynamics of the mechanical
part, they modeled the host structure (i.e., cantilever beam) as
a single-degree-of-freedom (SDOF) system that was similarly
used in [18], [21], and [22]. This type of modeling neglects the
distributed-parameters in continuous systems (e.g., beams and
plates) along with other deficiencies that are reported in [23].

On the other hand, the mechanical part of the harvester system
can be represented by an equivalent circuit model (ECM), where
the system parameters can be obtained by an analogy between
the second-order circuit and the electromechanically coupled
equations. Then, the ECM of the harvester system can be devel-
oped in circuit simulation software (e.g., SPICE) for system-
level simulations. Analytical [24] and numerical [25] meth-
ods were proposed for finding the equivalent circuit parameters
of conventional base-excited beam harvesters. Recently, Bayik
et al. [26] have presented the multimodal analytical and nu-
merical methods for identifying the system parameters of a
piezo-patch energy harvester attached to a thin plate.

Despite the efforts on the SDOF modeling of harvesters with
nonlinear circuit interfaces, studies involving analytical closed-
form solutions of 2-D structures (e.g., thin plates) with sin-
gle/multiple piezo-patch harvesters connected to ac–dc circuits
are not reported in the literature. The authors previously [27]
showed that when the multiple piezo-patch harvesters are con-
nected in parallel to a standard rectifier circuit, it is possible
to obtain an analytical closed-form solution for the electrical
response of the system. The analytical results of the dc voltage
output for the first four vibration modes of the host plate were
presented and validated by the numerical SPICE simulations,
using the ECM of the multiple patch harvesting system in a par-
allel configuration (similar to the single patch case [26]). This
paper presents an equivalent impedance electroelastic modeling
of multiple piezo-patch energy harvesters (MPEHs) integrated
into a thin plate and connected in series/parallel to a standard
ac–dc converter circuit. The proposed analytical approach in-
tegrates the equivalent load impedance of the harvester into
the distributed-parameter solution of the plate, thus, provides
closed-form expressions for both the vibration and electrical
responses of MPEHs with a practical nonlinear circuit. In addi-
tion, a generalized equivalent circuit modeling of a plate with
MPEHs is introduced to be compatible with any connection
types (i.e., series, parallel, and mixed series-parallel) of the
patch harvesters, which fully incorporates the interconnection

of piezo-patches, multiple vibration modes of the plates, and
two-way electromechanical coupling effect. Using the proposed
analytical and ECM models, electrical power outputs of MPEHs
with the series and parallel configurations for a wide range of
resistive loads in ac–ac and ac–dc cases are calculated. Experi-
mental validations are also presented and shown to be in good
agreement with the developed models.

II. DISTRIBUTED-PARAMETER MODEL

In this section, a brief description of the distributed-parameter
model of a thin plate with MPEHs is given based on Kirchhoff
plate theory. Fig. 1 presents the host plate with all four edges
clamped (CCCC) boundary conditions and the structurally inte-
grated piezoelectric patches in series and parallel configurations
connected to a standard ac–dc converter circuit. The host plate
with the length and width of a and b is excited by a transverse
point force f(t) acting at the position coordinates (x0 , y0). The
plate thickness (hs̄) is assumed to be much smaller than other
dimensions so that the effects of transverse shear deformation
are neglected based on the Kirchhoff plate theory. Hereafter, the
subscripts s̄ and p̄ stand for the parameters related to the host
structure and piezoelectric patch, respectively. The total number
of piezo-patch harvesters is np̄ and the thickness of kth patch
is (hp̄ )k . In the electromechanical equations of the thin plate,
mass and stiffness contribution of piezoelectric patches have
been neglected due to the small volume ratio of the patch to the
host plate and only induced moments of piezoelectric patches
at the electrode boundaries are included. However, it has been
shown for a nondeterministic thin plate that the mass effect of
the piezo-patch becomes important at high frequencies [28].

The following sections express the electromechanical equa-
tions of MPEHs that were previously developed by Aridogan
et al. [29] for the case of the simplified electrical circuit, namely
a resistive load.

A. Electromechanical Equations for Series Configuration

The electrical circuit representation of series configurations
of MPEHs with ac–dc conversion is shown in Fig. 2. Each piezo-
patch harvester is represented by a velocity proportional current
source in parallel to an equivalent piezoelectric capacitance.

The coupled circuit equation for each piezo-patch harvester
can be expressed as

(Cp̄ )k
dvs

k (t)
d t

+ isc(t) = isk (t) (1)
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Fig. 2. Electrical circuit representation for series configuration of
MPEHs connected to a standard ac–dc converter. Each piezo-patch
harvester is equivalently composed of a velocity proportional current
generator and a piezo capacitance connected in parallel.

where k = 1, 2, ..., np̄ , vs
k (t), and isk (t) are the voltage across

the electrodes and current source of the kth piezo-patch har-
vester, whereas, the current flowing through the interface circuit
is denoted by isc(t). The equivalent piezoelectric capacitance
can be written as [29]

(Cp̄ )k = (ε̄S
33)k

(lp̄ )k (wp̄ )k

(hp̄ )k

(2)

where the piezo-patch dimension terms (lp̄ )k , (wp̄ )k , and (hp̄ )k

are the length, width, and thickness of the kth patch harvester,
respectively, and (ε̄S

33)k is the permittivity of the kth piezo-patch
at constant strain.

The electromechanically coupled mechanical and electrical
equations in modal coordinates can be presented as [29]

d2ηs
mn (t)
dt2

+ 2ζmnωmn
dηs

mn (t)
dt

+ ω2
mnηs

mn (t)

−
np̄∑

k=1

(θ̃mn )k vs
k (t) = fmn (t) (3)

∞∑

n=1

∞∑

m=1

(θ̃mn )k

dηs
mn (t)
dt

+ (Cp̄ )k
dvs

k (t)
d t

+ isc(t) = 0 (4)

where ωmn and ζmn are the corresponding undamped natu-
ral frequency and modal damping ratio for the mnth vibration
mode. From the electrical equations in (1) and (4), the veloc-
ity dependent current source of the kth harvester for the series
configuration can be obtained as

isk (t) = −
∞∑

n=1

∞∑

m=1

(θ̃mn )k

dηs
mn (t)
dt

(5)

where ηs
mn (t) is the modal coordinate of the plate for the mnth

vibration mode and the electromechanical coupling term (θ̃mn )k

is given by [29]

(θ̃mn )k = θk

∫ yk , 2

yk , 1

∫ xk , 2

xk , 1

[
∂2ϕmn (x, y)

∂x2 +
∂2ϕmn (x, y)

∂y2

]
dxdy

(6)
where ϕmn (x, y) is the mass-normalized eigenfunction of the
plate for the mnth vibration mode at (x, y) location. The elec-
tromechanical term θk is defined as θk = (hpc)k (ē31)k , where
(ē31)k is the effective piezoelectric constant, and (hpc)k is the
reference distance of the center layer of kth piezo-patch from
the neutral surface of the plate. Moreover, the modal forcing
input in (3) is given by [29]

fmn (t) = f(t)ϕmn (x0 , y0) (7)

Fig. 3. Electrical circuit representation for parallel configuration of
MPEHs connected to a standard ac–dc converter. Each piezo-patch
harvester is equivalently composed of a velocity proportional current
generator and a piezo capacitance connected in parallel.

B. Electromechanical Equations for Parallel
Configuration

The electrical circuit representation of the parallel configura-
tion of MPEHs is shown in Fig. 3.

The governing equation of the coupled circuit dynamics can
be written as

dvp(t)
dt

n p̄∑

k=1

(Cp̄ )k + ipc (t) = ip(t) (8)

where ip(t) is a summation of the all current sources, that is
ip(t) =

∑n p̄
k=1 ipk (t), and (Cp̄ )k is the equivalent piezoelectric

capacitance defined in (2). The voltage across each piezo-patch
electrodes is equal, which means vp = vp

k (t), and the current
flowing through the interface circuit is denoted by ipc (t).

The electromechanically coupled modal equations can be pre-
sented for the parallel configuration of the MPEHs as [29]

d2ηp
mn (t)
dt2

+ 2ζmnωmn
dηp

mn (t)
dt

+ ω2
mnηp

mn (t)

− vp(t)
n p̄∑

k=1

(θ̃mn )k = fmn (t) (9)

n p̄∑

k=1

∞∑

n=1

∞∑

m=1

(θ̃mn )k

dηp
mn (t)
dt

+
dvp(t)

dt

n p̄∑

k=1

(Cp̄ )k

+ ipc (t) = 0. (10)

Consequently, from (8) and (10) the velocity proportional
current source of kth harvester can be expressed as

ipk (t) = −
∞∑

n=1

∞∑

m=1

(θ̃mn )k

dηp
mn (t)
dt

(11)

where ηp
mn (t) is the modal coordinate of the plate for the mnth

vibration mode.

III. EQUIVALENT IMPEDANCE MODELING

Solving the electromechanical equations given in
Sections II-A and II-B under steady-state conditions for
the series/parallel configurations of MPEHs connected to a
single resistance would be straightforward [29]. However, for
the practical harvesting circuits which consist of nonlinear
elements such as diodes, another approach is required to derive
the exact solution. To this end, the Sections III-A and III-B
propose the idea of using equivalent load impedance to develop
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the closed-form expressions for the mechanical and electrical
responses of MPEHs. Moreover, Section III-C details the
equivalent circuit modeling of the mechanical part for the case
of multiple harvesters.

A. Equivalent Impedance of the Electrical Domain for the
Series Configuration

For the ac–dc converter circuit shown in Fig. 2, the current
flowing into the ideal rectifier circuit isc(t) can be defined as the
piecewise equation

isc(t) =

⎧
⎪⎪⎨

⎪⎪⎩

Cev̇
s
c(t) + v s

c (t)
Rl

if vs = vs
c

−Cev̇
s
c(t) − v s

c (t)
Rl

if vs = −vs
c

0 if |vs | < vs
c

(12)

where vs(t) is the overall piezoelectric voltage defined as
vs(t) =

∑n p̄
k=1 vs

k (t), and vs
c (t) is the dc voltage across the resis-

tive load for the series configuration. If the smoothing capacitor
is carefully chosen so that the time constant RlCe is much larger
than the period of the excitation, the dc voltage output would
have a constant V s

c magnitude, and the ripple in the rectified
voltage would be negligible for large values of smoothing ca-
pacitor [5], [30].

The current balance equation in (4) can be rearranged to be
in the form

dvs
k (t)
d t

+
isc(t)
(Cp̄ )k

=
−∑∞

n=1
∑∞

m=1 (θ̃mn )k
dη s

m n (t)
dt

(Cp̄ )k

. (13)

Let the equivalent voltage source for the kth piezo-patch har-
vester be defined as

v̂k (t) =
∞∑

m=1

∞∑

n=1

(v̂mn (t))k , (v̂mn (t))k = − (θ̃mn )kηs
mn (t)

(Cp̄ )k

(14)
which taking the summation of both sides in (13) over k from 1
to np̄ and using (14) gives

dvs(t)
d t

+
isc(t)
Ceq,s

p̄
=

dv̂(t)
d t

(15)

where v̂(t) =
∑n p̄

k=1 v̂k (t) is referred to the overall equivalent
voltage source and Ceq,s

p̄ = (
∑n p̄

k=1 (Cp̄ )−1
k )−1 .

Now, based on linear system assumption, if the transverse
point force applied on the surface of the plate is of the form
f(t) = F0e

jωt , the steady-state responses of modal coordinate
of the plate, the kth piezoelectric capacitance voltage, and the
kth equivalent voltage source can be written as

ηs
mn (t ) = Hs

mnejωt (16)

vs
k (t) = Vs

k ejωt (17)

v̂k (t) = −
∞∑

m=1

∞∑

n=1

(θ̃mn )kHs
mnejωt

(Cp̄ )k

= V̂k ejωt (18)

where Hs
mn , Vs

k , and V̂k are the complex amplitudes. Further,
the steady-state form of the overall equivalent voltage source
can be expressed as v̂(t) = V̂ejωt with V̂ =

∑n p̄
k=1 V̂k .

Fig. 4. Top diagram shows array of piezo-patch harvesters connected
in series to a standard ac–dc circuit, where each harvester is represented
by an equivalent voltage source connected to a piezo capacitance in
series. In the bottom diagram, the overall capacitance plus the ac–dc
circuit is replaced by an equivalent impedance Z s

eq connected to the
overall voltage source.

Having substituted the steady-state forms of the ηs
mn (t ) and

vs
k (t ) into (3) and (4), the complex model response Hs

mn can be
obtained by extracting the Vs

k from (4) and substituting into (3)

Hs
mn =

F0ϕmn (x0 , y0) +
∑n p̄

k (θ̃mn )kVs
k

ωmn
2 − ω2 + j2ζmnωmnω

. (19)

Integrating the (15) over the half-cycle period of the excitation
(e.g., time interval in which v̂(t) goes from minimum −V̂ to
maximum V̂), while using the piecewise equation in (12) yields

V s
c =

Ceq,s
p̄ ωRl

π/2 + Ceq,s
p̄ ωRl

V̂. (20)

The next step is to find the complex equivalent voltage V̂k

and the complex voltage Vs
k for k = 1, 2, . . . , np̄ , so that the

dc voltage output can be obtained readily from (20), and the
complex modal amplitude Hs

mn can be obtained from (19).
Fig. 4 shows the electrical circuit representation of (15) for the

MPEHs in a series configuration. This electrical representation
unlike the one shown in Fig. 2, can facilitate the analytical mod-
eling. In addition, the harvesting circuit (i.e., ac–dc converter)
plus the overall capacitance of piezo-patches can be represented
as an equivalent load impedance Zs

eq . Suppose that the Zs
eq is

known for the range of excitation frequencies, then the current
going through it (Kirchhoff’s circuit law) is

Isc =
1

Zs
eq

V̂ =
1

Zs
eq

n p̄∑

k=1

V̂k (21)

where Isc is the complex amplitude of the current isc(t). Here,
to determine the Zs

eq , we use the model proposed by Lin et al.
[31], who obtained the equivalent load impedance for the array
of SDOF harvesters connected in series to the ac–dc converter
circuit and showed that the equivalent impedance is the function
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of excitation frequency, equivalent piezoelectric capacitance,
and resistive load. Therefore, it is independent of the number of
vibrational modes and can be safely adopted for our case.

The complex impedance model is defined as Zs
eq =

(Zs
R − jZs

I )
−1 , where the real and imaginary parts are given

by [31]

Zs
R =

2(Ceq,s
p̄ )2

ω2Rl

(π/2 + Ceq,s
p̄ ωRl)

, Zs
I =

−πCeq,s
p̄ ω

2(π/2 + Ceq,s
p̄ ωRl)

. (22)

Now, taking a time derivative of (3), replacing d
dt (v

s
k (t)) with

that of (13), and finally substituting the steady-state forms from
(16), (18), and (21), the modal mechanical equation reduces to

(
ω2

mm − ω2 + j2ζmnωmnω
) · Hs

mn

+
n p̄∑

k=1

[
1

jωZs
eq

·
n p̄∑

k=1

(
(θ̃mn )k

(Cp̄ )k

)
− (θ̃mn )k

]
· V̂k

= F0φmn (x0 , y0). (23)

Then, multiplying both sides in (24) by (θ̃mn )k/(Cp̄ )k ·
(ω2

mn − ω2 + j2ζmnωmnω)−1 , and taking double summation
over m by n number of vibrational modes, the resulting equa-
tion can be rewritten in a matrix equation of the form

(Q − I)V̂ = F̂ (24)

where V̂ is np̄ × 1 unknown vector and equals to V̂ =
[ V̂1 V̂2 · · · V̂n p̄

]T , I is the identity matrice with the dimensions
of np̄ × np̄ . Besides, Q as a square matrix with the dimensions
of np̄ × np̄ , and F̂ as a column vector with the dimensions of
np̄ × 1 are given by

Qij =
∞∑

m=1

∞∑

n=1

⎡

⎣ (θ̃mn )i

(Cp̄ )i

×
1

jωZ s
e q

∑n p̄
k=1

(θ̃m n )k

(C p̄ )k
− (θ̃mn )j

(ω2
mn − ω2 + j2ζmnωmnω)

⎤

⎦

(25)

f̂i = F0 ·
∞∑

m=1

∞∑

n=1

[
(θ̃mn )i

(Cp̄ )i

× ϕmn (x0 , y0)
(ω2

mn − ω2 + j2ζmnωmnω)

]
.

(26)

Having solved for each V̂k in (24), the steady-state magnitude
of dc voltage across the resistive load can be obtained from (20).

The complex equivalent voltage V̂k can be substituted into
(15), considering (17) and (18), to obtain the complex voltage
Vs

k as

Vs
k = V̂k − 1

jω(Cp̄ )kZs
eq

n p̄∑

k=1

V̂k . (27)

The resulting complex voltage Vs
k can be substituted into (19)

to obtain the complex Hs
mn . Next, the transverse displacement

response of the plate at point (x,y), and time t can be obtained,
based on the modal analysis procedure, by substituting ηs

mn (t)

into the following:

ws(x, y, t) =
∞∑

m=1

∞∑

n=1

ϕmn (x, y) · ηs
mn (t)

=
∞∑

m=1

∞∑

n=1

{
ϕmn (x, y)

ωmn
2 − ω2 + j2ζmnωmnω

·
(

F0ϕmn (x0 , y0) +
n p̄∑

k=1

(θ̃mn )k V̂k

− 1
jωZs

eq

n p̄∑

k=1

(θ̃mn )k

(Cp̄ )k

·
n p̄∑

k=1

V̂k

)}
· ejωt . (28)

After formulating the steady-state vibration response, the
electromechanical FRF can be extracted for the trans-
verse displacement-to-force input ratio with βs(w, x, y) =
ws(x, y, t)/(F0e

jwt). The velocity FRF, velocity-to-force in-
put ratio, can be directly derived from the displacement FRF
as βs,velocity (w, x, y) = jωβs(w, x, y). It should be noted that
all the complex V̂k ’s inherit the amplitude F0 from (23), which
eventually cancels out with the F0 in the denominator of dis-
placement FRF βs(w, x, y).

B. Equivalent Impedance of the Electrical Domain for the
Parallel Configuration

Likewise for the parallel configuration of MPEHs, the current
flowing into the ac–dc converter circuit, ipc (t) shown in Fig. 3, is
related to the rectified voltage vp

c (t) by the piecewise equation
similar to (12).

For the harmonic excitations at frequency ω, the applied force
input is of the form f(t) = F0e

jωt . The steady-state mechanical
modal response ηp

mn (t ), and the steady-state voltage response
of piezo-patch harvesters vp(t) based on the linear system as-
sumption can be expressed as

ηp
mn (t) = Hp

mnejωt (29)

vp(t) = Vpejωt (30)

where Hp
mn and Vp are both complex valued. Next, by insert-

ing the steady-state forms into (8) and (9), the complex modal
response Hp

mn can be obtained as

Hp
mn =

F0ϕmn (x0 , y0) + Vp ∑n p̄
k (θ̃mn )k

ω2
mn − ω2 + j2ζmnωmnω

. (31)

The velocity dependent current source in (11) can be ex-
pressed with the steady-state form of ipk (t) = Ipk ejwt where the
complex amplitude is

Ipk =
∞∑

n=1

∞∑

m=1

(Ipmn )k =
∞∑

n=1

∞∑

m=1

[
−jω(θ̃mn )kHp

mn

]
(32)

and the overall velocity proportional current source can be writ-
ten as the summation of all the dependent current source terms

ip(t) = Ipejωt =
n p̄∑

k=1

Ipk ejωt . (33)
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Fig. 5. Top diagram shows array of piezo-patch harvesters connected
in parallel to a standard ac–dc circuit, where each harvester is repre-
sented by an equivalent current source connected to a piezo capaci-
tance in parallel. In the bottom diagram, the overall capacitance plus the
ac–dc circuit is replaced by an equivalent impedance Zp

eq connected to
the overall current source.

The average dc voltage output of the harvester, under the
steady-state operation, can be obtained by integrating the cur-
rent balance equation in (8) over the half-cycle period of the
excitation as follows:

Vc =
Rl

π/2 + (Rlω)Ceq,p
p̄

Ip . (34)

Here, Ceq,p
p̄ is the overall equivalent piezoelectric capaci-

tance for the piezopatches in parallel, and expressed as Ceq,p
p̄ =∑n p̄

k=1 (Cp̄ )k .
Now for determining the dc voltage in (35), all the Ipk ’s for

k = 1, 2, ..., np̄ need to be found out. To do so, let Zp
eq be the

equivalent impedance for the parallel configuration which con-
sists of the ac–dc circuit and the overall equivalent piezo ca-
pacitance as shown in Fig. 5. Lien and Shu [20] proposed the
equivalent impedance model for the array of SDOF harvesters
connected in parallel to an ac–dc converter which is adopted here
as well. The reason of validity of this model was discussed in
Section III-A. The complex equivalent impedance is defined as
Zp

eq = Zp
R + jZp

I where the real and imaginary parts are given
by [20]

Zp
R =

2Rl

(π/2 + Ceq,p
p̄ Rlω)2 , Zp

I = − Rl

(π/2 + Ceq,p
p̄ Rlω)

.

(35)

The complex magnitudes of equivalent current source and
voltage across Zp

eq in Fig. 5 are related by

Vp = Zp
eq · Ip = Zp

eq ·
n p̄∑

k=1

Ipk . (36)

Substituting the steady-state forms of vp(t) and ηp
mn (t ) into

(9), the mechanical equation for the parallel configuration of

MPEHs reduces to

(ω2
mn − ω2 + j2ζmnωmnω)Hp

mn

− Zp
eq

( n p̄∑

k=1

Ipk

) n p̄∑

k=1

(θ̃mn )k

= F0ϕmn (x0 , y0). (37)

Then, dividing both sides of the above equation by∑n p̄
k=1 (θ̃mn )k , and using (32), the resultant can be rearranged

to be in the form of matrix equation as

Z∗ I∗ = V∗ (38)

where I∗ is the unknown column vector with the dimensions of
mn × 1 including the equivalent current amplitudes of each
vibration mode as I∗ = [ Ip11 Ip21 · · · Ipmn ]T . In addition, the
known column vector V∗ with the dimensions of mn × 1 de-
fined as V∗ = [V ∗

11 V ∗
21 · · · V ∗

mn ]T and the square matrix Z∗

with the dimensions of mn × mn are given by

V ∗
ij =

−F0ϕij (x0 , y0)∑n p̄
k=1 (θ̃ij )k

, i = 1, 2, . . . ,m, j = 1, 2, . . . , n

(39)

Z∗ = diag(Z) + Zp
eqJ (40)

where J is an all-ones matrix with the dimensions of mn × mn,
and diag(Z) is a diagonal matrix, whose diagonal elements are
the elements of the vector Z with the dimensions of mn × 1 that
is defined as Z = [Z11 Z21 · · · Zmn ]T , where

Zrs =
2ζrsωrs(∑n p̄
k=1 (θ̃rs)k

)2 + j
ω2 − ω2

rs

ω
(∑n p̄

k=1 (θ̃rs)k

)2

r = 1, 2, . . . ,m, s = 1, 2, . . . , n. (41)

Therefore, by solving the linear equations in (38) for the
unknown vector I∗, the steady-state magnitude of dc voltage
across the resistive load can be obtained from (34).

The complex Hp
mn can be extracted from (37) to determine

the mechanical modal coordinate ηp
mn (t) which can be then

substituted in the following equation to obtain the transverse
displacement response of the plate at point (x,y), and time t:

wp(x, y, t) =
∞∑

m=1

∞∑

n=1

ϕmn (x, y) · ηp
mn (t)

=
∞∑

n=1

∞∑

m=1

{
ϕmn (x, y)

ωmn
2 − ω2 + j2ζmnωmnω

·
(

F0ϕmn (x0 , y0) + Zp
eq ·

∞∑

m=1

∞∑

n=1

Ipmn ·
n p̄∑

k=1

(θ̃mn )k

)}

· ejωt . (42)

The transverse displacement-to-force input FRF can be ex-
pressed as βp(w, x, y) = wp(x, y, t)/(F0e

jwt), and the velocity
FRF can be obtained as βp,velocity (w, x, y) = jωβp(w, x, y).
Again, notice that all the complex Ipmn ’s include the force
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Fig. 6. This diagram illustrates the procedure for developing the mul-
timode ECM of the MPEHs. Arrows indicate that the kth piezo-patch
harvester branch in series or parallel configuration shown in (a), is rep-
resented by a set of m×n secondary-order circuits connected in parallel
to a piezo capacitance (each subbranch represents a single vibration
mode of the host system), as shown in (b). The ECM of the whole sys-
tem can then be obtained by connecting a total of np̄ branches in series
or parallel configuration.

amplitude F0 from (38), resulting in the cancellation of the
term F0 in the displacement FRF.

C. Equivalent Circuit Modeling

Representation of the mechanical part of piezoelectric energy
harvesters, in a linear regime, by the equivalent circuit, is stud-
ied well in the literature. The studies presented an ECM for a
piezoelectric layer on a beam [24], [25], [32], a piezo-patch on
the plate [26], and an array of individual cantilever harvesters in
series [31] and parallel configurations [20]. In all the aforemen-
tioned ECMs, each piezoelectric energy harvester is attached to
a single host structure. However, in our case, multiple piezo-
patch harvesters share a common host system to exploit the
multiple vibration modes, thus, a certain ECM is required to
take into account the interconnection of piezo-patches and their
electromechanical coupling effect on the plate.

Fig. 6 demonstrates the equivalent circuit modeling for the
kth piezo-patch harvester, where the dependent current source
is represented by a set of secondary-order circuits. Having re-
peated this procedure for k = 1, 2, . . . , np̄ , in parallel and series
configurations (see Figs. 2 and 3), the full electromechanical be-
havior of the multiple piezo-patch harvesters while connected
to a practical interface circuit, can be predicted via an electronic
circuit simulator (e.g., SPICE).

According to the analogy between the analytical distributed-
parameter expressions given in (3) and (9), and the ECM in
Fig. 6, system parameters are obtained and summarized in
Table I. It’s worth pointing out the dissimilarities in the system
parameters for single versus multiple piezo-patch harvesters in-
tegrated into a thin plate. In the single patch harvester case [26],
for each vibration mode, there is just a single coupling term
θ̃mn in the elements of mechanical impedance with R∗

mn =

TABLE I
ANALOGY BETWEEN ELECTRICAL AND MECHANICAL DOMAINS OF MPEHS

Equivalent circuit parameters Mechanical counterparts

Electrical current: (i∗m n (t))k −(θ̃m n )k η̇ p
m n (t) or −(θ̃m n )k η̇ s

m n (t)

Voltage source: (v ∗
m n (t))k −fm n (t)/

n p̄∑
k = 1

(θ̃m n )k

Inductance: (L∗
m n )k 1/((θ̃m n )k

n p̄∑
k = 1

(θ̃m n )k )

Resistance: (R∗
m n )k 2ζm n ωm n /((θ̃m n )k

n p̄∑
k = 1

(θ̃m n )k )

Capacitance: (C ∗
m n )k ((θ̃m n )k

n p̄∑
k = 1

(θ̃m n )k )/ω 2
m n

Fig. 7. Experimental setup: (a) PZT-1; (b) PZT-2; (c) PZT-3; (d) alu-
minum plate; (e) clamping frame; (f) electrical circuit; (g) modal shaker
with a force transducer; (h) data acquisition unit; (i) signal generator; and
(j) laser vibrometer

2ζmnωmn/θ̃2
mn , L∗

mn = 1/θ̃2
mn , C∗

mn = θ̃2
mn/ω2

mn and the
equivalent voltage source with v∗

mn (t) = −fmn (t)/θ̃mn . How-
ever, in the case of multiple patch harvesters, these equivalent
terms of the single harvester cannot be simply mapped into the
kth piezo-patch harvester and regarded as an independent pa-
rameter, which is why the system parameters are different for
the MPEHs.

IV. MODEL VALIDATIONS

A. Experimental Setup

Fig. 7 presents the experimental setup used for analyzing the
harvesting performance of multiple piezo-patch configurations
and validating the analytical and ECM models. The transversely
isotropic piezoceramic patches (T105-A4E-602 manufactured
by Piezo Systems, Inc.) are installed as piezo-patch energy har-
vesters on the aluminum plate. The dynamic point force loading
is measured by a force transducer (PCB 208C02) attached to
the plate at 0.085 and 0.085 m away from the bottom right cor-
ner of the plate. The velocity outputs are measured via a laser
Doppler vibrometer (Polytec PDV 100). Two general experi-
ment cases are examined in this study, namely ac input – ac
output case and ac input – dc output case. In the first case, the

Authorized licensed use limited to: Max-Planck-Institut für Intelligente Systeme. Downloaded on November 30,2021 at 10:11:04 UTC from IEEE Xplore.  Restrictions apply. 



1582 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 22, NO. 4, AUGUST 2017

TABLE II
GEOMETRIC, MATERIAL, AND ELECTROELASTIC PROPERTIES

Property Aluminum Piezoceramic

Length (mm) 580 72.4
Width (mm) 540 72.4
Thickness (mm) 1.9 0.267
Young’s modulus (GPa) 65.1 66
Mass density (kg/m-3) 2575 7800
Piezoelectric constant d3 1 (pm/V) – -190
Permittivity constant ε̄S

3 3 (nF/m) – 10.38

Fig. 8. AC input—ac output case: Comparison of experiment, analytical
model, and SPICE simulations for voltage FRF of MPEHs in (a) series
and (b) parallel configurations with open-circuit condition.

aluminum plate is excited by a linear sine sweep signal over the
bandwidth of 20–260 Hz through a modal shaker. The voltage
FRFs are directly measured from the two terminals of the re-
sistive load. For the second experiment case, the sweep rate is
selected as slow enough to ensure considerable charge time for
the smoothing capacitor, and as fast enough to avoid lengthy
experiment data. The rectifier circuit consists of four commer-
cially available Schottky diodes (BAT85), which are known for
their fast switching performance and the low voltage drop (typi-
cally around 0.2 V [33]), and a smoothing capacitor followed by
a resistive load. For both case studies, the geometric, material,
and electroelastic properties are given in Table II.

B. AC Input–AC Output Case

Fig. 8 presents the steady-state voltage FRFs of the MPEHs
with series and parallel configurations under the effect of

Fig. 9. Variations of the first mode velocity and dc voltage outputs of
the harvester for the range of resistive loads subjected to 1 N point
force excitation: (a) Series configuration; and (b) parallel configuration.
Experiment data are shown in the left column and analytical results in
the right column. Arrows indicate the direction of increase in resistive
load value.

a harmonic point force, close to the open-circuit condition
(Rl = 1MΩ). The ac–ac numerical simulation results, consider-
ing 5× 5 vibration modes of the plate, accurately match with the
existing analytical model presented by Aridogan et al. [29], and
experiments. The modal damping ratios can be extracted from
the experimental velocity or voltage FRFs with an arbitrary re-
sistive load used in the harvesting circuit [1]. It can be observed
from Fig. 8 that overall open-circuit voltage output magnitudes
of series configuration are larger than the ones in the parallel
configuration, which is in line with the series circuit assumption.
Also in the fourth, fifth, sixth, and seventh vibration modes, peak
voltages are significantly smaller than the other resonance fre-
quencies, where the reason can be explained by the charge can-
cellation of the piezo-patches due to the strain distributions [29].

C. AC Input–DC Output Case

The analytical and experimental velocity and dc voltage out-
puts of the patch harvesters at the excitation frequencies around
the first vibration mode for eight values of resistive loads in se-
ries and parallel configurations are shown in Fig. 9, respectively.
The harmonic force excitation magnitude for the first vibration
mode is around 1 N. Although the analytical model developed
in this work ignores the real behavior of the diodes, it rea-
sonably follows the trend of experimental velocity and voltage
responses.
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Fig. 10. Comparison of peak power outputs for the ac input–ac output and ac input–dc output cases versus load resistance. Analytical model and
SPICE simulation: (a) First mode; (b) second mode; and (c) third mode. Experiment data: (d) First mode; (e) second mode; and (f) third mode.

Fig. 10 shows the analytical, numerical, and experimental re-
sults of average power output versus load resistance for the first
three vibration mode, where the peak amplitudes are extracted
at the open-circuit resonance frequencies. The load resistance
values used in the experiments are 100 Ω, 470 Ω, 1 kΩ, 5.56
kΩ, 15 kΩ, 47 kΩ, 100 kΩ, 475 kΩ, and 1 MΩ. Here, the
magnitudes of sinusoidal external force for the first three vibra-
tion modes, in the open-circuit conditions, are measured by the
force transducer as 0.72 N, 0.53 N, and 0.32 N, respectively.
The graphs in the upper row exhibit the analytical predictions
and SPICE simulations for the peak ac and dc voltage out-
puts of MPEHs for the first three vibration modes, whereas
the graphs in the bottom row show the experimental data. The
overall average power levels for each vibration mode in ac–dc
case are lower than the corresponding ac–ac, which can be re-
ferred mainly to the electrical loss. The optimum resistive load
value, where the average power is maximum, is larger for the
series configuration than that for the parallel configuration in
both ac–ac and ac–dc cases. Additionally, the optimal load re-
sistance of both the series and parallel configuration in ac-dc is
slightly shifted to a larger value, when compared to the ac–ac
case. The SPICE simulations always underestimate the analyt-
ical model predictions, by taking into account voltage drop of
the rectifier circuit, and tend to be closer to the experiment
results. Overall, the analytical and SPICE predictions agree
well with the experimental data for a wide range of resistive
loads.

V. CONCLUSION

In this paper, an analytical and a numerical approach is pro-
posed for modeling MPEHs attached to thin plates with practical
circuit interface. The analytical model integrates the equiva-
lent impedance of the harvesting circuit into the distributed-
parameter electroelastic model of the plate with multiple patch
harvesters. Analytical predictions for the steady-state velocity
response and dc voltage output of the MPEHs in series and
parallel configurations are presented for a wide range of resis-
tive loads around the first resonance frequency and validated
by the experimental results. The ECM of the electromechan-
ical system is developed for any connection types of the har-
vesters and validated for the ac–ac case by the existing analyt-
ical solution and experiments. Moreover, peak power outputs
of the harvester with standard ac–ac and ac-dc configurations
are predicted for the first three vibration modes as a function
of varying load resistance. The equivalent impedance electroe-
lastic model and the ECM developed in this work, which can
be extended to other distributed-parameter systems with inte-
grated single/multiple piezo-patch harvesters, allow evaluating
the performance of such systems for design improvement and
power optimization.
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